This paper aims to formally define a concept of interpretability according to natural language of a logical theory, and show advances for demonstrating that the logic system called Compensatory Fuzzy Logic is interpretable. A logical theory is interpretable according to natural language if the calculus based upon the elements of this logical theory can be understood in natural language and vice versa. We present conditions necessary for a logical theory to be called interpretable, especially Compensatory Fuzzy Logic.
realizes an open and multicultural space, (2) Includes evolutionary and Bio-inspired algorithms and (3) Allows hybridization.
Therefore, if Soft Computing inspires for the definition of transdisciplinary methods, then the following two characteristics can be articulated: General hybridization and theoretical hybridization are formally and experimentally justified by transdisciplinary logical theories. This definition of transdisciplinary methods leads to study many disciplines in another manner of understanding them.
For instance, a transdisciplinarian way to define and understand Knowledge Discovery, including the narrow sense of Knowledge Discovery, Knowledge Engineering and Decision Analysis, based on General and Theoretical Hybridization has to fulfill the following properties: Discovery of knowledge from all possible sources (human and factual ones) and their combination. Emphasis on Data Mining compound problems. Emphasis on knowledge based Decision Analysis, according preference knowledge, and knowledge regarding the relation between attributes and other variables of the problem.
The advantages of Knowledge Discovery with Fuzzy Predicates can be outlined as follows:
Generality: Their structures could deal with a wide spectrum of Data Mining problems (Clusters, Association Rules, Classification Rules, etc.) and Decision Making Analysis and Support problems as well.
Language Interpretability possibilities Graphical Interpretability: Trees, graphs, neural networks, maps, other ones
The possibilities of communication can be based on clear mapping among semiotic registers, Natural or professional language, Fuzzy Logic Predicates, Trees, Neural Networks or Graphs, Cognitive Maps and Informatics Language (For example Fuzzy Description Logics).
This paper aims to introduce a formal definition of interpretability, which is the property fulfilled by a logical theory, such that there is a two sided relation between the results of the calculus upon the field of such theory over its objects by using its operators, and on the other side, the meanings of them represented in the natural or professional language. The interchange between the field of the logical theory calculus and the natural or professional language representation should be transparent, but not necessarily isomorphic, with the purpose to represent the knowledge.
This definition needs to be a transdisciplinary one by taking into account important elements of different mathematical disciplines. This paper proposes a way to advance towards Knowledge Engineering intention of modelling tacit knowledge into explicit formal models using a logical theory. This is simultaneously a way to construct a transdisciplinary logical theory, looking for the proposed definition of Interpretability. Epigraph 2 introduces the new transdisciplinary way to understand interpretability and epigraph 3 introduces in this context the principal elements of a logical theory called Compensatory Fuzzy Logic. Sections 4 and 5, explain and illustrate propositions in relation with decision making, bivalent logic and statistics. Finally, sections 6, 7 and 8 resume advances, conclusions and outline future research. Interpretability of a logical theory
The previous attempts to achieve interpretability by means of fuzzy logic and fuzzy sets can be found in many well-known approaches like fuzzy control (Fuzzy Systems), fuzzy operators, t-norms and t-conorms and Computing with Words (CWW) among others.
However, Fuzzy Control is limited to rules and is not compatible with classical rationality and the evolution considered towards more accurate methods affects the interpretability 1,2 , the isolated operators are limited to deal with interpretability by labels.
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The t-norm and t-conorm approach and Fuzzy Logic, in general, offers a formal treatment, but without practical results according interpretability and do not include the treatment of fuzzy systems by rules. [5] [6] [7] [8] [9] [10] [11] [12] Computing with Words (CWW), Linguistic Data Summarization, use specific structures called protoforms and they are not recognized in the areas of, Natural Language Processing (NLP) and Natural Language understanding (NLU). [13] [14] [15] [16] To sum up, the interpretability approaches by fuzzy logic and fuzzy sets exhibit at least one of the following deficiencies: (1) a lack of compatibility with classical rationality, (2) a lack of compatibility with human behavior, (3) a lack of consideration of Fuzzy Systems study or (4) a contradiction between interpretability and accuracy.
Two other theories define interpretability as an essential concept. Those are the Languages theory 17 and the Models theory 18, 19 . As indicated by languages This allows representing elements of B using elements of D, operate with this representation, using operations of structure A and return the results to the structure B, see Ref. 19 .
Our point of view to resolve the scientific problem explained above is that interpretability of a logical theory according language, should be Interpretability according logical theories and paradigms associated with social practices very much in relation with natural and professional language like and Logics, Decision Making theories and methods, Mathematical Statistics and others.
Hence, the hypothesis that we prove on this paper is the following: a theoretical approach of interpretable theories by Bivalent Logic, and compatible with selected elements of Decision Making theories and Mathematical Statistics will be compatible with human behavior, Knowledge Discovery methods for particular problems, Mamdani approach for Fuzzy Systems and accuracy improvement of its application in complex and/or high dimensionality problems of fuzzy control. The points that we should follow to demonstrate that a logical theory is interpretable are stated below: This study demonstrates that Compensatory Fuzzy Logic is a logical theory, which satisfies the first point specified above. [21] [22] [23] So far, we have proved that this fuzzy logic system can be defined as interpretable, according to our definition of interpretability. We introduce the notions of Compensatory Fuzzy Logic.
Introduction to Compensatory Fuzzy Logic
Compensatory Fuzzy Logic (CFL) is a multivalued logic axiomatic approach different of norm and conorm axiomatic. They must satisfy characteristics of descriptive approach of decision-making and the normative approaches to decision making. [21] [22] [23] It is based on four operators (denoted as c,d,n,o). n(c(x 1 ,x 2 ,...,x n )) = d(n(x 1 ),n(x 2 ),...,n(x n )) n(d(x 1 ,x 2 ,...,x n )) = c(n(x 1 ),n(x 2 ),...,n(x n )) Implications can be defined in different ways: 1. S-implication: S(x,y)=d(n(x),y), where d and n are the disjunction and negation operators, respectively.
R-implication:
R(x,y)=sup{z [0,1]:c(x,z where c is the conjunction operator. 3. QL-implication, IQL(x,y)=d(n(x),c(x,y)) 4. A-implication: The operator satisfies a group of axioms, which implicitly associate it with the conjunction, disjunction and negation operators For example, the Law of Importation (x y z x y z)) is one of its axioms, where 
where f is a strictly monotone continuous function which is extended to non-defined points by using the corresponding limit. These operators satisfy axioms i-iii.
If, in addition, we have that for all
and
We have a family of CFLs called Quasi Arithmetic
is the universal proposition.
And the function
is the existential proposition.
For continuous cases, the formulas of universal and existential propositions are expressed as follows. case other any In 0
Furthermore particular system of QAMBCL is the Geometric Mean based Compensatory Logic (GMBCL), where conjunction and disjunction operators are expressed in the following manner
Negation is n(x) = 1-x and disjunction is the dual of the conjunction, namely 
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The continuous versions of these formulas read as follows 
Interpretability of CFL in the setting of Decision Making theories
The axioms of CFL is compatible with many axioms of normative Decision Theory, while the compound predicates can be understood as utility functions. CFL satisfies that conjunction and disjunction have the behavior of multiattribute value functions theory. These operators fulfill the strictly increasing property and also the De Morgan properties as very consensual properties, as well as the veto option, which is common for European School and multiplicative value theory.
In CFL conjunction and disjunction are not associative because of the convenience of differentiate among different attributes hierarchies like AHP and ANP are used to do, but even better differentiating conjunctive trees and disjunctive trees. 24, 25 Then, like all compensatory operators are not associative, it is enough to take compensatory operators satisfying veto and strictly growth as a way to satisfy the desired properties.
Conditionals can deal with properties like dependence between attributes, situation, which is not possible in the framework of Multiattribute value function theory.
Fuzzy predicates have the ability to deal with binary relations as well preferences between alternatives and attributes. Then, a fuzzy strict order relation is introduced in correspondence with the negation used into the De Morgan properties. According to experts, an enterprise is competitive in a line of products in a market, if its economy is solid, its technological position is advanced and it is very strong in this product line in this market.
The attributes in the model are the following: The attribute of solid economy can be stated as: An enterprise has a solid economy if it has a nice financial state and good amount of sales. Whether financial state would be somewhat negative, it should be compensated by a very good amount of sales.
Then, the initial model takes into account the more accurate predicate
2 ), where the new attributes are represented by the propositions: s(x): Enterprises x has a solid economy. f(x): Enterprises x has good financial state. V(x): Enterprises x has good amount of sales.
The new logic tree is shown in Fig. 6 . An even more accurate model introduces the concept of advanced technological position according to the following statement:
An Enterprise has an advanced technological position if its present technology is good; it owns patents, or many products in Research-Development Projects, or it is used to use important amount of money for Research Development Project. If its technology is not good, then it should have many products in Research-Development Projects or it is used to use very important amount of money for this kind of projects. Now, the model includes the compound predicate
where:
T(x): Enterprises x has an advanced technological position t(x): Enterprises x present technology is good p(x): Enterprises x owns patents i(x): Enterprises x has products in research-development projects d(x): Enterprises x is used to use important amount of money for research-development projects the resulting tree is represented in Fig. 7 .
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If the concept of good in a line of products in a market is defined like: An enterprise is good in a line of products in a market, if it has a strong position on that market, a diverse line of products, and it is independent of providers, then l(x)= m(x) vl(x) ip(x), where:
l(x): x is good in the line of products m(x): x is strong in the market vl(x): x has a diverse line of products ip(x): x is independent of its providers Then, the tree is represented in Fig. 8 . The model above was applied to study Tissue adhesive markets, particularly companies that we call A, B, C y D, and the results are summarized in tables 1 and 2. Table 1 shows the truth values of the basic predicates, obtained directly from expert or from data using the correspondent membership functions. Taking into account the results shown in Tables 1  and 2 , particularly the values appeared on the last line of table 2, we can conclude that company C is the most Due to interpretability of CFL, this conclusion has a meaning according to natural language, we can use the phrase expressed in natural language: 'competitiveness of company C is somewhat true', see table 3. Table 1 . Results of the model applied to the case study for tissue adhesive markets. 
Theorem 2.
If p(x)>0 for any x in a universe X, then the formula of
over any probabilistic sample M of S, of the predicate p(x), is a statistical estimator of the truth value of the universal proposition over X. Theorem 2 proofs interpretability properties of CFL according to statistics. We have to take into account that probability theory is also a wide accepted and validated theory of mathematics applied to many social, natural and exact sciences.
The last result proves the possibilities for getting knowledge from samples and Monte Carlo simulations with the character of estimators over the universe.
Therefore, there are two kinds of Knowledge Discovery by predicates:
1. Searching is made using as objective function, the universal proposition truth value of a specific predicate over the set of instances of the used Data Base, changing the parameters values of the membership functions, adjusting them for improving the truth value of a hypothesis (Local search by optimization methods). 2. Modifying the structure of predicates, looking into the space of all possible predicates. (Global search by metaheuristics).
Example 2. (Hypothesis of Mexican economy to illustrate the first kind of Knowledge Discovery).
There are three dynamical hypotheses for describing the Mexican economy in natural language: 1. If past time t from t 0 is short, GDP at t 0 is high, and exchange rate peso-dollar is good and inflation too, then inflation at t 0 +t will be good. (sufficient condition for goodness of future inflation). 2. If past time t from t 0 is short, GDP at t 0 is high, and exchange rate peso-dollar is good, and inflation too, then exchange rate at t 0 +t will be good. (sufficient condition for goodness of future exchange rate) 3. If past time t from t 0 is short, GDP at t 0 is high, and exchange rate peso-dollar is good, and inflation too, then GDP at t 0 +t will be high. (sufficient condition for goodness of future GDP) We use (15) to calculate the parameters of the sigmoidal membership functions, see (16) .
where is the preimage of 0.5, which means 'as true as false' and is the preimage of 0.1 or 'almost absolutely false', see table 3. Table 5 resumes the values of the membership functions for gamma and beta obtained from hypotheses 1, 2 and 3 and 1', 2' and 3'. The primes indicate that the hypothesis is substituted by its corresponding reciprocal. We took into account the possible states of the variables and we used sigmoidal membership functions, negation of the sigmoidal and Gaussian. The cells in the two final rows represent the truth value of the universal propositions of each hypothesis , for the 15 first years, and the 6 last years, respectively after optimization of 1' 1 , 2 , , n-1 is a right deductive structure according a CIS, if the formula 1 2 n-1 is valid according CFL where the implication is the correspondent to the predetermined CIS.
Corollary 1.
1 , 2 , , n-1 is a right structure according bivalent logic if and only if 1 , 2 , , n-1 is a right deductive structure according the predetermined CIS.
The interpretation of this corollary is: If the premises of any right deductive structure of Bivalent Logic (which are all of them approximately true in the framework of the CIS), we will obtain a thesis approximately true according CFL. This is not only a notion of interpretability of CFL according to bivalent logic, it is an actual approximate reasoning, because it uses the classical methods of proofs theory of the bivalent logic.
Let us continue with the example by means of a . Predicates with high truth values associated were included in the demonstration as premises. This example demonstrates that even though we used bivalent methods for deduction, the truth values of the deducted formulas were large, because the premises where large, according to theorem 1. This illustrates that taking into account theorem 1, bivalent reasoning can be used as heuristic to get new large truth value predicates, from the previous obtained predicates with large truth values.
Application of CFL to different areas and an elaboration of computational tools
CFL has been applied to many fields; see point 3 of the conditions of interpretability. These are the following, Ref. Besides, the software called ICPro and its graphical version called Fuzzy Tree Studio form computational tools for the graphical modeling and calculus with predicates by using CFL and others fuzzy logic systems. They use productively the interpretability properties for semantic modelling; see Fig. 11 and 12. We propose the following task for demonstrating interpretability:
1. Evaluating how convenient is an alternative according a predicate, obtained from expressions of the DM preferences. 2. Searching new convenient alternatives using that predicate. 3. Evaluating how truth is an expression using facts and/or expert opinions. 4. Estimating how truth is an expression using facts associated to a probabilistic sample. 5. Discovering new knowledge expressed in natural language using heuristic and/or optimization. 6. Demonstrating and discovering new knowledge by reasoning. Tables 6 and 7 highlight the comparison of CFL with the principal fuzzy ways to use productively the natural language by Fuzzy Logic (Mamdani Fuzzy Inference Systems (MFIS), Integration of membership functions by operators (IMFO) and Computing by words (CWW) and Linguistic Data Summarization (LDS), according to the six tasks elaborated on in the previous discussion. 
